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ABSTRACT 
This  paper  presents  the  ana1ysi.s and modi f ica t ion  of 
n e a r  o p t i m u m  t r a j e c t o r i e s  f o r  r o b o t i c  m a n i p u l a t o r s  
mov ing   a long   p re -de f ined   pa ths .   Mod i f i ca t ions   o f  
t r a j e c t o r i e s   a r e  done  such t h a t   t h e   v i b r a t i o n s  due t o  
f l e x i b i l i t y   o f  arms and o the r   componen t s   o f   t he  
m a n i p u l a t o r   a r e   m i n i m i z e d .   U l t i m a t e l y ,   t h e  
p r o d u c t i v i t y  o f  r o b o t i c  m a n i p u l a t o r s  d e p e n d s  on t h e  
speed   o f   t he  task e x e c u t i o n .   H i g h e r   p r o d u c t i v i t y  
requires  higher  speed o f  opera t ion  and in   tu rn   be t te r  
c o n t r o l  and t r a j e c t o r y  g e n e r a t i o n  a l g o r i t h m s .  Today 
t r a j ec to ry   gene ra t ion   a lgo r i thms  do n o t  consider   the 
dynamic c h a r a c t e r i s t i c s  of  the  manipulators.  In order 
t o  u t i l i z e  t h e  a v a i l a b l e  c a p a b i l i t y  i n  t h e  o p t i m u m  
manner t h e  t r a j e c t o r y  g e n e r a t i o n  a l g o r i t h m s  n e e d  t o  
c o n s i d e r  t h e  d y n a m i c s  o f  t h e  m a n i p u l a t o r ,  a c t u a t o r  
c o n s t r a i n t s ,  n a t u r e  o f  t h e  t a s k ,  and f l e x i b i l i t y  o f  
arms and compliance of the  jo in t  connec t ions .  
I n  the  search  for  an op t ima l  t r a j ec to ry  t h a t  w i l l  meet 
a l l  o f  t h e  a b o v e  r e q u i r e m e n t s  w h i l e  o p t i m i z i n g  some 
c r i t e r i o n ,  some s i m p l i f y i n g  a s s u m p t i o n s  h a v e  t o  be 
made and/or some of  the  requirements have t o  be kept 
out of the formulat ion so that  the def ined problem can 
be solved  or some feas ib le   so lu t ions   ob ta ined .  Once 
t h e  s i m p l i f i e d  p r o b l e m  i s  s o l v e d ,  o n e  may c o n s i d e r  
modifying  the  original  solution  in  such a way t h a t  t h e  
e x c l u d e d   r e q u i r e m e n t s   a r e   a l s o   s a t i s f i e d  t o  some 
e x t e n t .  
In t h i s  paper  the minimum t ime  control   solut ion  of  
a t w o  l i n k   f l e x i b l e  arm wi th   ac tua to r   cons t r a in t s  
i s   p r e s e n t e d .  We s o l v e d   t h e  minimum t i m e  
problem  with no c o n s t r a i n t s  on t h e  f l e x i b l e  modes and 
show the  time  improvement  due t o  the  use  of l i g h t -  
w e i g h t   a r m s .   T h e   o b j e c t i v e   i s  t o  m o d i f y   t h e  
t r a j e c t o r y ,  such t h a t   f l e x i b l e   v i b r a t i o n s   a r e  bounded 
while  changing  the  solution  from  the  previous  one  as 
l i t t l e  as p o s s i b l e .   P r a c t i c a l  w a y s   o f   t r a j e c t o r y  
modi f ica t ions   for   f lex ib le   a rms   a re   d i scussed .  
I .  INTRODUCTION 
T o d a y ,   m o s t   t r a j e c t o r y   p l a n n i n g   a l g o r i t h m s  d o  n o t  
c o n s i d e r   t h e   d y n a m i c s   o f t h e   m a n i p u l a t o r s ,   r a t h e r  
cons tan t   and/or   p iece   wise   cons tan t   acce le ra t ions   for  
t h e   o v e r a l l  task a r e  used  and an o v e r a l l  maximum 
a l l o w a b l e   s p e e d   i s  e t  [5 ,6 ,7] .  However ,   obot ic  
manipulators  are  highly  nonlinear  dynamic  systems, so 
i t   i s   e x p e c t e d   t h a t   a f f o r d a b l e   a c c e l e r a t i o n s  and 
maximum speeds  wil l   vary  as  a func t ion  of s t a t e s .  For 
the   t r ad i t i ona l  schemes t o  work, t h e   t r a j e c t o r y  must 
be p l a n n e d   f o r   t h e   w o r s t   p o s s i b l e   c a s e .  The 
c a p a b i l i t i e s  of the  system  will  be used only a small 
par t   of   the   t ime.  Bobrow et .a l .  [ l ]  f i r s t   r e p o r t e d  
t h a t   f o r   e v e r y   p o i n t  o n  a n y   p a t h ,   t h e r e   i s   a n  
This   mater ia l   i s   based  in   par t  on work supported by t h e  
National  Science  Foundation  under g r a n t  MEA-8303539 
a s s o c i a t e d  maximum a l l o w a b l e   s p e e d  and maximum 
a f fo rdab le   acce le ra t ion  and dece le ra t ion   fo r  eve ry  
s p e e d  i n  t h e  a f f o r d a b l e  r a n g e ,  a n d  t h e s e  v a l u e s  c a n  
d r a s t i c a l l y   v a r y   f r o m   o n e   s t a t e   t o   a n o t h e r .  
I n c o r p o r a t i n g   t h e   m a n i p u l a t o r   d y n a m i c s   i n t o   t h e  
t r a j ec to ry  p l ann ing  l eve l ,  t hey  found t h e  minimum t ime 
t r a j e c t o r i e s   f o r   d i f f e r e n t   m a n i p u l a t o r  models [1,2] 
wi th   l imi t ed   ac tua to r   capab i l i t i e s  moving along  pre- 
d e f i n e d   p a t h s .   S h i n  a n d  McKay [3]   so lved   the   same 
problem  independently. 
L i g h t - w e i g h t   m a n i p u l a t o r s   w i t h   t h e   s a m e   a c t u a t o r  
c a p a b i l i t i e s   w i l l  be f a s t e r .  The main  problem 
as soc ia t ed   w i th   t he   l i gh t -we igh t   s ruc tu res   i   t he  
f l e x i b l e   v i b r a t i o n s .   F i g .  1 c o n c e p t u a l l y   s h o w s   t h e  
performance  improvement  in  terms  of increased  speed 
and f a s t e r   t a sk   execu t ions .  
I n  t h i s  paper we show the performance improvements due 
t o  : 
1. use  of  light-weight  arms 
2. i n c o r p o r a t i n g   t h e   m a n i p u l a t o r   d y n a m i c s   i n t o  
the  t r a j ec to ry  p l ann ing  l eve l  
3. d i s c u s s   f l e x i b l e   v i b r a t i o n s   d u r i n g  a n e a r  
minimum t i m e   t r a j e c t o r y   e x e c u t i o n  and 
c o n s i d e r a t i o n s  o f  p a t h  m o d i f i c a t i o n s  s u c h  t h a t  
f l e x i b l e   v i b r a t i o n s   w i l l  be  bounded.  This 
problem i s  s i m i l a r  in  nature t o  t h e  one r a i sed  by 
Hollerbach [a ]  and Kir iazov  e t .  a1 [9]. 
11. F L E X I B L E  MANIPULATOR D Y N A M I C  M O D E L  IN JOINT AND 
PATH VARIABLES 
A g e n e r a l  d y n a m i c  m o d e l l i n g  t e c h n i q u e  f o r  f l e x i b l e  
robot ic   manipulators  was developed by Book using a 
r e c u r s i v e   L a g r a n g i a n - a s s u m e d   m o d e s   m e t h o d .  
Homogeneous t r a n s f o r m a t i o n   m a t r i c e s   a r e   u s e d   f o r  
kinematic  relations  of  the  system [4] .  A two  l ink 
f l ex ib l e   robo t i c   man ipu la to r   i s  mode l l ed   u s ing   t ha t  
technique  (Fig.  2) .  In t he  model no actuator  dynamics 
i s   cons idered ,   ra ther   the   ne t   to rque   input   to   the  
l i n k s   i   c o n s i d e r e d   a st h e   i n p u t   v a r i a b l e .  No 
f r i c t i o n  a t  j o i n t s  n o r  i n  t h e  s t r u c t u r a l  v i b r a t i o n s  
a re   xp l i c i t l y   cons ide red .   F l ex ib i l i t y   o f  each   l i nk  
i s   a p p r o x i m a t e d   w i t h   o n e   a s s u m e d  mode for each  
l i n k .  The dynamic   model   o f   the   manipula tor  may be 
expressed  in  general   terms  as : 
cJ1 4x4 q = f ( q , b )  + Q 
. .  
where - - - -  - (2-1 )  
T e E - ]  J o i n t   a n g l e s  and f l e x i b l e  
- ' c 1 ,  2 ,  1 ,  L mode t ime  var iab les  
Net input   torques 
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1 ,  2, 3 ,  4 i n c l u d i n g   c e n t r i f u g a l ,  
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f o r c e s .  
- g r a v i t a t i o n a l   , e f f e c t i v e  
The p r o b l e m   i s   t o   f i n d   t h e   m i n i m u m   t i m e   t r a j e c t o r i e s  
f o r  a g i v e n   m a n i p u l a t o r   w i t h   l i m i t e d   a c t u a t o r  
c a p a b i l i t i e s   m o v i n g   a l o n g  a f i x e d   p a t h ,   w i t h   s t a t e  
c o n s t r a i n t s  ( b o u n d e d  f l e x i b l e  v i b r a t i o n  c o n s t r a i n t s ) .  
O n c e   t h e   p a t h   t o   b e   m o v e d   a l o n g   i s   s p e c i f i e d   a s  a 
c o m b i n a t i o n   o f   C a r t e s i a n   v a r i a b l e s  ( x  and y f o r   t h e  2 
d . 0 . f .   c a s e ) ,   d i s t a n c e   a l o n g   t h e   p a t h  S c a n   b e  
s p e c i f i e d   a s  
S=S(x,y) . ( 2 - 2 )  
F r o m   t P , e   i n v e r s e   k i n e m a t i c   f o r m u l a t i o n ,   t h e  
c o r r e s p o n d i n g  j o i n t  a n g l e s  f o r  a r i g i d  a r m  o f  t h e  same 
d i m e n s i o n s   c a n   b e   f o u n d   a s  
( 2 - 3 )  
S i m i l a r l j ,   o n c e   t h e   s p e e d  S ( S )  a l o n g   t h e   p a t h   i s   k n o w n  
and 
K n o w i n g   t h e   r e l a t i o n s   ( 2 - 3 ) - ( 2 - 5 )   i n   a n a l y t i c a l   o r  
n u m e r i c a l   f o r m ,   t h e   m a n i p u l a t o r   d y n a m i c s   i n   p a r t   c a n  
b e  e x p r e s s e d  i n  p a t h  v a r i a b l e s  u n d e r  t h e  a s s u m p t i o n  
t h a t  somehow t h e   j o i n t   r e l a t i o n s h i p s   s p e c i f i e d   i n   ( 2 -  
3 ) - ( 2 - 5 )  will b e   m a i n t a i n e d .   T h e s e   j o i n t   v a r i a b l e s  
s D e c i f v  t h e  t o r a u e s  a n d  f l e x i b l e  s t a t e s  a s  f o l l o w s  
-1 
where 
f i=f i(s,s,; , i )  
. .  
g . = g . ( s , s , e  e Z )  
1 1  t, n,  
* 
-+ + U n i t   t a n g e n t   a n d   n o r m a l   v e c t o r s   a l o n g  
t h e  p a t h .  
: C u r v a t u r e   o f   t h e   p a t h   a t  a p o i n t .  
N o t e   t h a t   o n c e   t h e   p a t h   t o   b e   f o l l o w e d   h a s   b e e n  
d e f i n e d ,   t h e   d e g r e e s  o f  f r e e d o m   o f   t h e   r i g i d  
m a n i p u l a t o r   r e d u c e s   t o   o n e ,   n o   m a t t e r   h o w   m a n y   j o i n t s  
i t  h a s .   T h e n   t h e   m a n i p u l a t o r   d y n a m i c s   c a n   b e  
e x p r e s s e d   a s  a s e c o n d   o r d e r   n o n - l i n e a r   o r d i n a r y  
d i f f e r e n t i a l   e q u a t i o n .  I f  t h e  f l e x i b l i t i y  o f  l i n k s  a r e  
i n c l u d e d  i n  t h e  m o d e l  b u t  n o t  i n  t h e  d e f i n i t i o n  o f  t h e  
p a t h ,  a s  i s  t h e  c a s e  h e r e ,  t h e r e  will b e  a d d i t i o n a l  
f l e x i b l e   d y n a m i c s   c o u p l e d   w i t h   e a c h   o t h e r   a n d   t h e  
r i g i d   d y n a m i c s .  
111. FORMULATION OF  THE NEAR M I N I M U M  TIME TRAJECTORY 
PROBLEM  FOR FLEXIBLE MANIPULATORS 
R e c a l l   t h a t  
d . .  = d . .   d s  - . d d - -  - =  z --l-t 
d t  ds d t  ds  ds
where  S i s  t h e  s p e e d   a l o n g   t h e   p a t h   c a n   b e   v a r i e d   a s  a 
f u n c t i o n   o f  S. T h a t  s u g g e s t s  t h a t  e v e r y  v a r i a b l e  c a n  
b e  e x p r e s s e d  a s  f u n c t i o n  o f  i n d e p e n d e n t  v a r i a b l e  S,  
d i s t a n c e   a l o n g   t h e   p a t h .   L e t  S ( S ) = Z ( S )  i n   a l l   t h e  
f o l l o w i n g .   I n i t i a l   a n d   f i n a l   s t a t e s   a l o n g   t h e   p a t h  
w o u l d   n o r m a l l y   b e   g i v e n ,  Z o ( S  ) a n d  Z ( S f ) .   T h e  
o p t i m u m   t r a j e c t o r y   p r o b l e m  may  %e s t a t e d ,   u s i n g   t h e  
p a t h  v a r i a b l e  S a s   t h e   i n d e p e n d e n t   v a r i a b l e   r a t h e r  
t h a n   t i m e ,   a s   f o l l o w s :  
O p t i m a l i t y  c r i t e r i o n :  
S u b j e c t  t o  i n i t i a l  a n d  f i n a l  s t a t e s  o f  t h e  p a t h  
v a r i a b l e s :  
z ( s o ) = z o  
S y s t e m   d y n a m i c s ,   e x p r e s s g d   i n   p a t h   v a r i a b l e s :  
c . ( s , E ) . Z . Z  = T i ( s , Z ) -  C ( s , Z , t )  i = 1 , 2  
I 
11 - 2 i  - 
A c t u a t o r   c o n s t r a i n t s :  L ' 2 ' '  
D y n a m i c   i n e q u a l i t y   c o n s t r a i g t s  on f l e x i b l e  modes: 
The c o n s t r a i n t s   ( 3 - 4 )   n a t u r a l l y   a r i s e   i n  f l e x i b l e  
s t r u c t u r e s .  I f  such  a c o n s t r a i n t   i s   n o t   i m p o s e d   t h e r e  
i s  n o   g u a r a n t e e  o n  t h e   a c c u r a c y   o f   t h e   e n d   p o i n t  
a l o n g   t h e   p a t h .   F o l l o w i n g   t h e   r a t i o n a l e   x p r e s s e d   i n  
t h e   i n t r o d u c t i o n ,   o n e   w o u l d   s o l v e   t h e   p r o b l e m   w i t h o u t  
t h e  c o n s t r a i n t  ( 3 - 4 ) .  T h e  p r o b l e m  r e d u c e s  t o  t h e  o n e  
s o l v e d   i n   [ 1 ] , [ 2 ] , [ 3 ] .  
T h e   s o l u t i o n   m e t h o d  we u s e   c l o s e l y   f o l l o w s   B o b r o w  
e t . a l . ' s   m e t h o d   w i t h   s o m e   m o d i f i c a t i o n s   f o r   f l e x i b l e  
m a n i p u l a t o r s .   T h e   s o l u t i o n   o f   t h e   a b o v e   s t a t e d  
o p t i m i z a t i o n   p r o b l e m   f o l l o w s :   f o r   a n y   p a t h   S ( x , y , z )  
w i t h   g i v e n  Z ( S o ) , Z ( S f )  t o   m i n i m i z e  J ,  Z s h o u l d   b e  
a s   l a r g e   a s   p o s s i b l e   w h i l e   s a t i s f y i n g   t h e   s y s t e m  
d y n a m i c s   a n d   a c t u a t o r   c o n s t r a i n t s .   I no r d e r   t od o  
so a t  a n y  s t a t e  on  t h e   p a t h   o n e   s h o u l d   u s e   m a x i m u m  
a c c e l e r a t i o n   o r   d e c e l e r a t i o n .   T h e n ,   t h e   p r o b l e m   i s  
r e d u c e d   t o   f i n d i n g   t h e   m a x i m u m   a c c e l e r a t i o n s   a n d  
d e c e l e r a t i o n s   a s s o c i a t e d   w i t h   e a c h   s t a t e   o f   i n t e r e s t .  
I t  c a n   b e  s r o q  * , -om p q u a t i o n   ( 2 - 6 a )   t h a t   f o r   e a c h  
[Si , Z 1 )  .. .. .. 
'd _< ' _< sa 
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S = rnin a { 'ai] 
Sd = max { Sdi  1 
(3-5)  
There  may be some  range   of   speeds   assoc ia ted   wi th  
e v e r y   p o i n t  o n  t h e   p a t h   t h a t   s y s t e m  can n o  l o n g e r  
s a t i s f y   a l l   c o n d i t i o n s   ( t h e  2 r ange  t h a t  above 
i n e q u a l i t y   i s   v i o l a t e d ) .  The c o l l e c t i o n   o f   t h e s e  
r a n g e s  d e f i n e s  t h e  f o r b i d d e n  r e g i o n  o n  (S ,Z  ) p l a n e .  
The boundary  between  allowed and forbidden  regions 
i s   c o n s t a n t   f o r  a given  r igid  manipulator   for  a given 
task .  In the   case   o f  f lex ib le   manipula tors ,  due t o  
the  coupling  between  equations (2 -6a )  and (2 -6b)  t h i s  
boundary i s  a l s o  a f u n c t i o n   o f   f l e x i b l e   m o d e s ,   n o t  
only (S ,  Z ) .  So ,  depending on  the   t ime  h i s tory   o f   the  
f l e x i b l e  modes  and u n p r e d i c t a b l e   d i s t u r b a n c e s   t h e  
boundary   w i l l  vary. T h i s   i s  n o t  t r u e   i n   t h e   r i g i d  
case   where   t he   t rue   ex t r eme   can   be   found .  A t  t h i s  
p o i n t   h e   p r o b l e m   i s  t o  f i n d  when t o  use maximum 
acce le ra t ions  and  when  maximum dece lera t ions   ( i . e .  t o  
find  the  switching  point(s)).See  Fig.  3a-3b. 
Finding  switching  points  for  near  optimal  performance 
of flexible  manipulators  then  proceeds  as  follows: 
1. I n t e g r a t e  S = S ( x , y )  f r o m   t h e   f i n a l   s t a t e   b a c k w a r d  
in   t ime   un t i l   i t   c ros ses   fo rb idden   r eg ion  or i n i t i a l  
posi t ion,   us ing maximum dece lera t ion .  
2 .  I n t e g r a t e  S ( x , y )  f o r w a r d   i n  t i m e   f r o m   i n i t i a l  
c o n d i t i o n s  ( S o , Z o )  w i t h  maximum a c c e l e r a t i o n  u n t i l  
t h e  boundary i s  reached or the  t w o  curves  cross  each 
o ther .   I f   the  t w o  curves  cross   each  other   before   they 
e n t e r   f o r b i d d e n   r e g i o n ,   t h e n   f i n d   t h a t   p o i n t .   T h i s  
i s   t h e   l a s t   s w i t c h i n g   p o i n t  and t e r m i n a t e s   t h e  
search.  If  n o t ,  then 
3.  Backup o n  t h e   l a s t   f o r w a r d   i n t e g r a t e d   c u r v e  and 
integrate  forward  with maximum d e c e l e r a t i o n   u n t i l   t h e  
t r a j e c t o r y   i n t e r s e c t s :  
.... 
.. 
a .  t h e  b o u n d a r y  o f  t h e  f o r b i d d e n  r e g i o n .  I f  t h e  
i n t e r s e c t i o n   i s   o t   t a n g e n t   w i t h i n   s o m e  
to l e rance ,   r epea t  3. 
b .  or  t h e  1 i n e  2 = 0 .  In t h i s   c a s e   t h e  
d i s t a n c e   b a c k e d  u p  i n  3 was t o o  grea t .   Reduce  
the  amount  of  backup and repea t  3. 
4 .  Then u s i n g   t h e   t a n g e n t   p o i n t   a s  new s t a r t i n g  
poin t  go t o  s t e p  t w o .  
No t i ce   t ha t   t he   l a s t   swi t ch ing   po in t   i s  n o t  the   exact  
switching  point ,   because  the  f lexible  modes wi l l  n o t  
match a t   t h i s   p o i n t .  That  will  cause one t o  miss   the 
f i n a l   s t a t e  somewhat.  Also, when searching   for   the  
s w i t c h i n g   p o i n t s   o n e   h a s  t o  move in a c o n t i n u o u s  
manner  in o rde r   t o  keep t r ack   o f   t he   f l ex ib l e  mode 
h i s t o r i e s   a c c u r a t e l y .  In t h a t  sense,   the  a lgori thm 
given  in [l] has  been  modified  for  f lexible  robotic 
manipulators.  
IV. TRAJECTORY  MODIFICATION A N D  F L E X I B L E  MODES 
Once the   near   op t imal   t ra jec tory  Z(S)  of  the  previous 
problem i s   f o u n d ,   o n e  may c o n s i d e r   m o d i f y i n g   t h e  
t r a j e c t o r y  i n  s u c h  a way t h a t   t h e   c o n s t r a i n t s  o n  t h e  
f l e x i b l e  modes a r e  s a t i s f i e d  t o o .  For  any  modified 
Z ( S )  which i s  a f f o r d a b l e  b y  ac tua tors   the   equat ion   (3-  
2 b )  can  be i n t e g r a t e d   f o r w a r d   u s i n g   t h e   i n i t i a l  
condi t ions  of f l e x i b l e  modes a t   he   beg inn ing  of t h e  
t a s k .  
In f a c t   r e g a r d l e s s   o f  t h e   a f f o r d a b i l i t y  o f  any 
t r a j e c t o r y  i n  ( S , Z )  p l a n e ,  t h e  f l e x i b l e  mode h i s t o r y  
a long  the  pa th  can  be  found b y  an i n t e g r a t i o n  a l o n g  
t h a t  t r a j e c t o r y .  
A number of   p rac t ica l   t ra jec tory   modi f ica t ions   us ing  
t h e   c u b i c   s p l i n e   f u n c t i o n s   h a v e   b e e n   t r i e d  b y  t h e  
authors.  T r a j e c t o r i e s   a r e   m o d i f i e d   i n  a smooth ing  
f a s h i o n  so t h a t   a b r u p t   c h a n g e s   o f   t o r q u e s   a t   h e  
s w i t c h i n g   p o i n t s   a r e   a v o i d e d ,   e x p e c t i n g   t h a t   h e  
m o d i f i e d   t r a j e c t o r y   w i l l   r e s u l t   i n   l e s s   e x c i t e d  
f l e x i b l e  modes. To some e x t e n t   t h a t   i s   t r u e ,  b u t  
s i n c e  t h e  d y n a m i c s  o f  t h e  f l e x i b l e  modes a r e  h i g h l y  
c o m p l i c a t e d  and n o n l i n e a r ,  n o t  o n l y  t h e  t o r q u e s  b u t  
a l s o   t h e   c o u p 1   i n g   b e t w e e n   s t a t e s   a r e   i m p o r t a n t ,  
p a r t i c u l a r l y  i n  t h e  c a s e  o f  a minimum t ime problem.  
The i n i t i a l  t r a j e c t o r y  m o d i f i c a t i o n s  have n o t  r e su l t ed  
i n  a f a v o r a b l e   d y n a m i c   b e h a v i o r  and may  n o t  be 
g e n e r a l i z e d  f o r  a l l  p a t h s ,  b e c a u s e  t h e  s h a p e  o f  t h e  
p a t h   i s   a l s o   p a r t   o f   t h e   d y n a m i c s  and t h i s   i s   n o t  
e x p l i c i t l y  mapped in t o  (S ,Z )  p lane .  Some s i m u l a t i o n  
r e s u l t s   a r e  shown in  Fig. 8 - 10. 
The t r a j e c t o r y  m o d i f i c a t i o n  problem i s  c u r r e n t l y  b e i n g  
formulated  as  an  optimum control  problem  with  dynamic 
c o n s t r a i n t s .  A g e n e r a l i z e d   q u a s i l i n e a r i z a t i o n  
a l g o r i t h m  i s  a p p l i e d  i t e r a t i v e l y  s t a r t i n g  w i t h  t h e  
unconstrained  solution and i t e r a t ive ly   approach ing   t o  
the  solution  of  the  problem  with  dynamic  onstraints 
E101 ,[111 ,[121- 
V .  SIMULATION RESULTS A N D  DISCUSSION 
The two- l ink   f lex ib le   manipula tor  model fo r   t a sk  one 
(shown  in  Fig. 4a) was s i m u l a t e d   f o r  t h e  t w o  
d i f f e r e n t   c a s e s   i n   o r d e r  t o  show t h e   p e r f o r m a n c e  
improvement  achieved  due t o  a l ight-weight  system. In 
b o t h  ca ses   ac tua to r s  have t h e  same c a p a b i l i t i e s ,   I t  
i s  f o u n d   t h a t   w e i g h t   r e d u c t i o n  b y  a f a c t o r   o f  2 
resu l t s   in   approximate ly  60 % t ime  reduct ion  (Fig.  5a 
a n d   6 a ) .   T h i s   i m p r o v e m e n t ,   o f  c o u r s e ,   v a r i e s  
depending on t h e   t a s k .   J o i n t   a c t u a t o r   h i s t o r i e s   a r e  
shown in  Fig.  5b-6c and f l e x i b l e  mode responses   a re  
shown in  Fig.  5c-6d. 
Task 2 (Shown  in  Fig. 4 b )  was s i m u l a t e d   f o r   l i g h t -  
weight  manipulator and r e s u l t s   a r e  shown Fig 7 a-d. 
The f i n a l   t r a j e c t o r y   i s   h o w n   i n   F i g .  7 b .  One 
in t e re s t ing   po in t  in t h i s   s i m u l a t i o n   i s   t h e   f a c t   t h a t  
a s   o o n   a s   t h e   m a n i p u l a t o r   e n d   p o i n t   e n t e r s   t h e  
curvature   the  system must accelerate   a long  the  path 
i n   o r d e r  t o  o b e y   t h e   c o n s t r a i n t s .  In F ig .   7a   t he  
curve ab shows tha t   immedia te ly   before   the   curva ture  
the  system  is  able  t o  dece lera te   (aa '   curve) ,  b u t  a s  
end po in t   en t e r s   t he   cu rva tu re   t he  sudden  appearance 
of a normal acceleration  term  in  the  dynamics  of  the 
s y s t e m   a p p e a r s   a n d   e n d   o f   t h e   m a n i p u l a t o r   h a s   t o  
a c c e l e r a t e   i n   o r d e r  t o  s t a y  o n  t h e   p a t h .   T h i s  
i n d i c a t e s  h o w  s e n s i t i v e  a t r a j e c t o r y  m o d i f i c a t i o n  
would be i n  t h i s  p a r t  o f  t h e  t r a j e c t o r y .  The o t h e r  
p o i n t   i n   t h e   c a s e   o f   f l e x i b l e   a r m s   i s   t h a t   a t   t h e  
l a s t   s w i t c h i n g   p o i n t   f l e x i b l e  modes a r e  n o t  same,  
s ince  they have d i f f e ren t   h i s to r i e s .   Th i s   w i l l   c ause  
e r r o r  i n  t h e  f i n a l  s t a t e  r e a c h e d .  S e e  F i g .  6 a ,  7 a .  The 
l a s t   s w i t c h i n g   p o i n t   n e e d s  t o  be v a r i e d   f r o m   t h e  
o r i g i n a l  r e s u l t  o f  t h e  above  algorithm. 
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VI. C O N C L U S I O N  A N D  FURTHER W O R K  
In t h i s  p a p e r  we showed  ways to  improve  pe r fo rmance  
and p roduc t iv i ty   o f   Robo t i c   man ipu la to r s   w i th  
f lex ib le   a rms .  One  way was t o  use l igh t -weight  
s t r u c t b r e s  and t h e   o t h e r  was t o   i n c o r p o r a t e   t h e  
d y n a m i c s   o f m a n i p u l a t o r s   i n t o t r a j e c t o r y  
p l a n n i n g   l e v e l  and make o p t i m u m   u t i l i z a t i o n   o f  
g i v e n   m a n i p u l a t o r .  Some p r a c t i c a l   t r a j e c t o r y  
m o d i f i c a t i o n s   a r e   p r e s e n t e d ,  The s e n s i t i v i t y  of the  
t r a j e c t o r i e s  on ( S , Z )  p l a n e   i s   v e r y   h i g h .  A n y  s m a l l  
change i n  t h e  s l o p e  may end u p  w i t h  q u i t e  d i f f e r e n t  
f l e x i b l e  mode h i s t o r y  d e p e n d i n g  o n  t h e  p a t h  and t h e  
speed  a long  the  p a t h .  The s l o p e  o f  t h e  t r a j e c t o r y  a t  
the  beginning  of  the  task  should be carefu l ly  modi f ied  
i f  t h e  e x e c u t i o n  t i m e  i s  o f  a n y  i n t e r e s t ,  f o r  s m a l l  
s lopes where  speed i s  small  will  take  long  execution 
t i m e .   A p p l i c a t i o n   o f   t h e   m e t h o d   r e q u i r e s   t h e  
m a n i p u l a t o r  d y n a m i c s ,  g e o m e t r i c  p a t h  in work s p a c e ,  
and a c t u a t o r  c a p a b i l i t i e s .  O b v i o u s l y  a s  t r a j e c t o r y  
g e t s  c l o s e r  t o  t h e  f o r b i d d e n  r e g i o n  b o u n d a r y  s y s t e m  
c a p a b i l i t i e s   a r e   b e i n g  used t o  t h e   l i m i t s  and a n y  
d i s turbance  or uncer ta in ty   can   eas i ly  p u t  the  system 
in  to  forbidden  region and  end of the  manipulator   wil l  
l e a v e  t h e  d e s i r e d  p a t h .  T h i s  s i t u a t i o n  i s  m o r e  c l e a r  
i n  t h e  c a s e  o f  f l e x i b l e  r o b o t i c  m a n i p u l a t o r s .  W h i l e  
t h i s  a n e l y s i s  i s  n i c e  i n  t e r m s  of knowing t h e  maximum 
c a p a b i l i t i e s ,  i n  p r a c t i c e  t h e r e  w i l l  be some s a f e t y  
f a c t o r  t h a t  w i l l   r equ i r e   t o  keep t h e   t r a j e c t o r y  a w a y  
from  the  forbidden  region  boundary  certain  amount. 
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i i g . 2  Manipulator Model. 
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Fig.  $a.  Task 1 in   (x ,y)   p lane .  
! ---I 
Fig. 4b  Task 2 i n   (x ,y )   p l ane .  
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